We show that the one-loop effective potential of spontaneously broken N = 8 supergravity is calculable and finite at all classical four-dimensional Minkowski vacua without tachyons in the spectrum. The reason is that the supertraces of the quadratic and quartic mass matrices vanish along the classically flat directions: Str M 2 = Str M 4 = 0. We also show that Str M 6 = 0 but Str M 8 > 0 in a broad class of vacua with broken supersymmetry on a flat background, which includes all those explicitly identified so far. We find analytical and numerical evidence that the corresponding one-loop effective potential is negative definite.
Introduction and summary
One of the most intriguing aspects of four-dimensional quantum field theories with global or local supersymmetry is their better and better ultraviolet behaviour as the number N of supersymmetries increases. Theories with maximal global supersymmetry, N = 4 super-YangMills theories, are known to be perturbatively finite, indeed (super-)conformally invariant at the quantum level. The theory with maximal local supersymmetry, N = 8 supergravity, has recently revealed an unexpectedly good behaviour at higher loops, when quantized in its ungauged version on a flat background, and its possible finiteness is under intense discussion (for a recent review and references, see e.g. [1] ).
In contrast with spontaneously broken gauge theories, whose ultraviolet behaviour is the same as in the unbroken phase, spontaneously broken extended supergravities do not share in general the ultraviolet properties of their unbroken versions. The reason is that, to break supersymmetry spontaneously, we must deform the theory by gauging a subgroup of its global symmetries, and this operation breaks some of the global symmetries and introduces new terms in the supersymmetry transformations and in the Lagrangian. The goal of the present work is to match the impressive recent advances on the ultraviolet behaviour of ungauged N = 8 supergravity with some new insight on the one-loop corrections to its gauged version, focusing on those gaugings that lead to classical Minkowski vacua with fully broken supersymmetry.
Powerful indicators of the ultraviolet behaviour of supersymmetric theories are the supertraces of the even powers of the field-dependent mass matrices, defined by
where k = 0, 1, 2, . . ., the index a runs over the different particles in the spectrum, M 2 a and J a are the corresponding squared-mass eigenvalues and spins. More explicitly, the second line of the above equation refers to an arbitrary theory with any number of massive spin-3/2 gravitinos, spin-1 gauge bosons, spin-1/2 Weyl fermions and spin-0 real scalars. Of course, massless particles do not contribute to the supertraces. It is easy to see [2, 3] that Str M 0 , Str M 2 and Str M 4 control the quartic, quadratic and logarithmic divergences of the one-loop effective potential, respectively. It was observed long ago [4] that in any theory with exact supersymmetry all the supertraces vanish on any Minkowski background. In the case of broken supersymmetry, the issue is more subtle. The coefficient of the one-loop quartic divergence, Str M 0 , is always fieldindependent, and counts the number of bosonic minus fermionic degrees of freedom, thus it vanishes in all theories with linear representations of supersymmetry [4] . The coefficient of the one-loop quadratic divergence, Str M 2 , vanishes in renormalizable theories with N = 1 global supersymmetry and no anomalous U (1) factors in the gauge group [5] , and remains field-independent, but no longer vanishes, when explicit but soft supersymmetry-breaking terms are added [6] . In N = 1 theories with non-renormalizable interactions, such as N = 1 supergravity, the general expression [7] for Str M 2 has a geometric interpretation and is in general non-vanishing, even if special superstring-related N = 1 models [8, 9] are known where Str M 2 = 0 with broken supersymmetry.
Little is known on the properties of the quadratic and higher supertraces in gauged extended (N > 1) supergravities. A notable exception is what was, until recently, the only well-studied example of spontaneously broken N = 8, D = 4 supergravity on a classically flat background: the four-parameter gauging of Cremmer, Scherk and Schwarz (CSS) [10] . It was realized already in the original CSS paper, and explained in group-theoretical terms in [11] , that for the CSS gauging Str M 2 = Str M 4 = Str M 6 = 0, but Str M 8 = 0 if there is no residual supersymmetry on the vacuum. Thanks to some recent developments [12] (see also [13, 14] ), we can now explicitly explore the classical and quantum stability of a much broader class of N = 8 gaugings leading to classical vacua with fully broken supersymmetry in Minkowski space. Moreover, the general formalism for gauged N = 8 supergravity [15, 16] allows us to generalize part of the results already known for the CSS gaugings to arbitrary gaugings of N = 8 supergravity. Working in the general formalism of N = 8 gauged supergravity, we will show that the supertraces of the quadratic and quartic mass matrices vanish at all classical four-dimensional Minkowski vacua with spontaneously broken N = 8 supergravity:
This makes the one-loop effective potential calculable and finite, for all tachyon-free constant field configurations along the classically flat directions,
Notice that such one-loop effective potential has the same scaling dimension of a classical potential. We will then move to the study of all those gaugings for which the full mass spectrum depends only on the charges of the eight supersymmetry generators with respect to at least one unbroken U(1) factor in the gauge group. Notice that the class of gaugings so defined includes all the explicit gaugings considered so far that lead to classical vacua with fully broken supersymmetry on a flat background. We will show that for all these gaugings not only Str
We will also observe that, in contrast with the positive semi-definite classical potential generated by the CSS gauging, the potentials associated with the new gaugings of [12] can have tachyonic instabilities along their flat directions, and we will identify those flat directions that do not lead to tachyons in the classical spectrum. After specializing to this part of the classical moduli space, we will study the one-loop effective potential and find analytical and numerical evidence that for all these field configurations, as a consequence of Eqs. (1.2)-(1.5), it is negative definite:
This means that at the one-loop level no locally stable vacua are known with fully broken supersymmetry and positive or vanishing vacuum energy. We stress that all the results mentioned above are highly non-trivial extensions of the known results valid for the CSS gauging: for general gaugings, and in particular for all the other explicit gaugings considered in this paper, we cannot rely on the group-theoretical explanation that was shown to be at the root of the supertrace formulas valid for the CSS gauging. Our paper is organized as follows. After this introduction, in Section 2 we briefly recall the general formalism of gauged N = 8 supergravity and the general form of the resulting mass matrices. The explicit form of the quadratic and linear identities, which guarantee the consistency of the gauging and are essential for proving the results of the following sections, are displayed in the Appendix. In Section 3 we describe the derivation of the general result of Eq. (1.2). In Section 4 we spell out two assumptions that are fulfilled by all the presently known gaugings leading to classical Minkowski vacua with fully broken supersymmetry. Under these assumptions, we derive the results of Eqs. (1.4), (1.5) and (1.6). We then discuss in some detail the explicit mass spectra of these models, as functions of the parameters defining the gaugings. We conclude in Section 5 with a list of open questions and an outlook.
2 Gauged N = 8 supergravity and its mass matrices 2.1 Gaugings N = 8 supergravity in 4 dimensions is usually described in terms of a unique multiplet containing the graviton, 8 gravitinos, 28 vector fields, 56 spin 1/2 fields and 70 scalars. The scalar fields parametrize the coset manifold E 7(7) /SU (8) , where E 7(7) is the duality group leaving invariant the system of Bianchi identities and equations of motion of the ungauged theory [17, 18, 19, 20] , i.e. of the theory with exact supersymmetry and vanishing potential constructed without introducing non-Abelian gauge interactions. Although generically the Lagrangian is not invariant under the action of such a duality group, different choices of duality frames give classically equivalent theories on-shell. This is no more true when the theory is gauged. By the gauging procedure up to 28 physical vector fields are coupled to charges assigned to the other fields according to their transformation properties under the global symmetries of the ungauged theory, and a subgroup G of the E 7(7) duality group is rendered local. As a result, the original theory is deformed by the addition of new couplings, non-trivial masses and a scalar potential. Although, at the Lagrangian level, supersymmetry is restored by modifying the supersymmetry transformation rules with the addition of new terms proportional to the gauge coupling constant, the appearance of a scalar potential makes possible the spontaneous breaking of supersymmetry and of the gauge group.
The group of local gauge transformations is defined by means of its generators X M , which must form a subset of the generators of the algebra of duality symmetries t α ∈ e 7(7) . This choice is completely specified by the embedding tensor Θ, which collects the full set of deformation parameters [21] :
In N = 8 supergravity Θ has an index α in the 133-dimensional adjoint representation of e 7(7) and an index M in its 56-dimensional fundamental representation. In fact, in four dimensions massless vector fields are dual to themselves, thus we could in principle use as gauge fields suitable combinations of the 28 electric and 28 magnetic vectors in a given duality frame [22] . This fact, together with the requirements of supersymmetry and gauge invariance, imposes a series of constraints that the embedding tensor must satisfy to produce consistent gaugings. In general there are two sets of constraints: linear and quadratic. Linear constraints are implied by supersymmetry and in N = 8 supergravity they restrict Θ to the 912 representation in the decomposition of the 56 ⊗ 133 product. Explicitly this means that 
Once the linear constraints are taken into account, the quadratic constraints can also be expressed in an equivalent fashion by
which makes clear that at most 28 vectors can be used as gauge fields and that there is always a symplectic frame where all the Θ α are electric.
The 912 possible deformations of N = 8 gauged supergravities parametrized by the embedding tensor are in one-to-one correspondence with the elements of the shift matrices of the supersymmetry transformation rules of the fermions. These matrices are field-dependent objects that transform in definite representations of the R-symmetry group SU (8) and are determined by the decomposition of the 912 representation of E 7(7) under SU (8) . In detail, they can be constructed by contracting the gauge generators with the E 7(7) /SU(8) coset representatives V and by decomposing the resulting tensorial structure, called T -tensor, in its irreducible components. Since the coset representatives are matrices whose indices transform in the fundamental representation of E 7(7) and in the 28 ⊕ 28 of SU (8) 
the T -tensor is defined by [26] T 
1 It should be noted that X M N P may contain a symmetric part in the lower indices. In this case gauge invariance requires the introduction of tensor fields with suitable gauge transformations [16] , so that the gauge structure is that of a free differential algebra rather than that of an ordinary Lie algebra [23, 24] . Also, the embedding tensor really forces to gauge a group whose adjoint representation is embedded in the duality group. This is in general a quotient of the one generated by the representation of the vector fields with its maximal Abelian ideal [25] .
It is quite convenient to express also the scalar potential and the mass matrices of the gauged theory in terms of the same A 1 and A 2 tensors. We will discuss in detail the form of the mass matrices, which are at the base of our computations, in the next section. Here we just give the form of the classical scalar potential 8) which determines the value of the cosmological constant of the classical vacua of the theory. Since we are interested in maximally symmetric solutions of the field equations with constant scalars, vanishing vector fields and vanishing fermions, imposing the vacuum condition is equivalent to finding critical points of the scalar potential. These are specified by solutions of the following selfdual system of 70 complex equations [27] 
Mass matrices
The computation of the supertrace mass formulas requires the knowledge of the spectrum of quadratic fluctuations at the maximally symmetric critical points described by Eq. (2.9).
The matrices determining such spectrum were computed in [28] by linearizing the field equations and in what follows we will use their results and conventions (for more details on the conventions see also [16] ), although we will provide an alternative way of determining the masses of the spin 1/2 fields that will simplify dramatically our supertrace computations. Before writing down the explicit formulas for the mass matrices, we recall that the fields of the N = 8 supergravity multiplet fit in SU (8) 
The mass matrices we are going to use in the following will be expressed using such multi-indices and therefore, to avoid overcounting when taking traces, we should choose a proper normalization. Following [28] , our mass matrices enter the equations of motion of a generic field ϕ I as 2ϕ
for bosonic degrees of freedom and as
for fermionic degrees of freedom. This means that the masses obtained by diagonalizing M I J , considering different entries only when I = J after rearrangement of the multi-index, are rescaled by a factor 1/n!. This however is the factor needed to obtain the correct value from the trace M I I , because we are summing each mass term n! times. For instance, for In N = 8 supergravity there are 28 vector fields, but in a given symplectic frame, those used in the gauged theory may be a mixture of the 28 original electric fields A ij µ and of the 28 magnetic ones A µ ij . For this reason, the vector mass matrix is a square matrix with 56 rows and columns [28] :
where
and
Since 28 vector fields are not physical, when diagonalizing such matrix we should always find at least 28 null eigenvalues. The scalar mass matrix is [27, 28] 
An important point that should be taken into account when computing the masses of the scalar fields is that these fields satisfy the self-duality condition
This means that different entries of the mass matrix (2.15) contribute to the same mass term. In turn, this implies that we should be careful when computing traces. To separate the selfdual and anti-selfdual terms we can use the projectors
(obviously we have to break SU(8) covariance). We can then construct
and consider its traces. The fermion mass matrices have somewhat simpler expressions. The gravitino mass matrix is simply proportional to the shift of the gravitinos in the supersymmetry transformation rule, 17) and the spin-1/2 mass matrix is proportional to the shift term in the corresponding supersymmetry transformation. However, since at a supersymmetry-breaking vacuum the super-Higgs mechanism will be at work, we need to evaluate the spin-1/2 mass matrix after projecting out the goldstinos that are eaten up by the massive gravitinos. This is obtained by diagonalizing the fermion mass matrices, redefining the gravitinos in a way that gets rid of the mixed term between them and the spin-1/2 fields. A quick inspection of the relevant part of the N = 8 Lagrangian shows that the fermion mass terms are [16] 
where 19) so that the field equation for the spin-1/2 fields becomes
In the above equation, the dots contain further interaction terms, among which there is a term proportional to the spin 1/2 projection of the gravitinos A m ijk γ µ ψ m µ . After an obvious field redefinition,
we can get rid of the mixed term, so that the spin-1/2 mass matrix becomes
The goldstinos will be null eigenvectors of this matrix, hence they will not contribute to the supertrace formulas. The mass matrix (2.22) contains the inverse of the gravitino shift and this is an unpleasant feature that complicates the computation of the traces. For this reason we will now argue that in order to compute the traces of its even powers it is sufficient to use the original mass matrix M ijk,lmn , provided we subtract from the final result a suitable factor proportional to the trace of the corresponding power of the gravitino mass matrix. The argument uses the fact that the mass of the goldstino is really a gauge artifact and that the term we added to the original spin-1/2 mass matrix is fully projected in the goldstino directions to make their mass vanish.
More on the spin 1/2 mass matrix
When supersymmetry is fully broken we have 8 goldstino fields, determined by linear combinations of the spin 1/2 fields projected along the A 2 direction: η i ∼ A i jkl χ jkl . These 8 directions among the 56 described by the spin 1/2 fields are eigenvectors with non-vanishing eigenvalue of M as well as of the shift term, but they are null eigenvectors of the redefined mass matrix M (1/2) . This can be seen explicitly by making use of the critical point condition (2.9) and of a few identities following from the so-called T-tensor identities of N = 8 supergravity, or equivalently from the quadratic constraint on the embedding tensor Θ, which is reported in the Appendix. First, by using the Takagi factorization theorem, we can diagonalize the gravitino mass matrix by means of a unitary matrix U , so that A 1 = U T DU and the diagonal matrix D contains the gravitino masses m α > 0, where α runs over the 8 eigenvalues. We can then construct the eigenvectors of A 1 by applying the same unitary matrix to the basis of (real) eigenvectors of D, e
where there is no sum on the right hand side and V α i = (V i α ) * . As follows from a direct inspection of (2.18), the corresponding goldstino directions are given by A i jkl V α i . In fact, we can now check that the goldstinos are eigenvectors of the original spin-1/2 mass matrix with eigenvalue −2 m α , where m α is the corresponding gravitino mass. This is done by using the identity (A.13) in the explicit multiplication of the mass matrix with the goldstino vector as follows:
Also, using now the supersymmetric Ward identity (A.6) and the fact that we are analyzing vacua with vanishing cosmological constant, we recover the fact that the goldstino is a null eigenvector of M (1/2) . In detail: the sum of the eigenvalues of the gravitino mass to the same power. Since the matrix M has a simpler form that M (1/2) , we will follow this approach in the next section, where we will compute the supertrace formulas using
Supertrace mass formulas
In this section we evaluate the supertrace mass formulas of Eq. (1.1) for k = 1 and k = 2, and show that they both vanish for any Minkowski vacuum, as in Eq. (1.2). Our procedure is rather straightforward. First we compute the trace of the 2k-th power of the spin-J mass matrices described in the previous section (i.e. Tr [M 2 (J) ] k ). These traces are SU (8) singlets constructed in terms of the A 1 and A 2 tensors introduced above. Hence they are given by linear combinations of quadratic or quartic contractions of these same tensors, for k = 1 or k = 2 respectively. We then simplify them by using the quadratic identities in the 63 of SU (8) , which allow us to replace most of the terms quadratic in A 2 by quadratic contractions of A 1 . Finally, we compute (1.1) and show that for k = 1 it vanishes identically, while for k = 2 we prove that it is equivalent to a linear combination of terms that are also vanishing upon using the quadratic constraints and the critical point condition.
For more details on the derivation of the identities following from the quadratic constraints we refer the reader to the Appendix.
The quadratic supertrace
As explained in the introduction to this section, the first step is to compute the traces of the squared mass matrices of the various fields. Some of them follow trivially from their definitions, such as the trace of the square mass matrix of the gravitinos
the trace of the vector mass matrix 2) and the trace of the scalar mass matrix:
As we can see all of them are proportional to each other by using the condition that the vacuum has a vanishing cosmological constant. For the spin-1/2 fermions the computation is a bit more delicate, but we can use the technique explained in the previous section to simplify the procedure. By using (2.26)
and, by direct computation,
This means that also this trace is proportional to the trace of the square of the gravitino mass matrix on a Minkowski vacuum:
As explained in the previous section, the derivation of Eqs. (3.4) and (3.6) required the use of the critical point condition of Eq. (2.9). Inserting these expressions in the supertrace formula we then see that the coefficients conspire to make the final expression identically zero:
The quartic supertrace
The computation of the trace of the quartic mass matrix is again straightforward for the gravitinos:
On the other hand, the expressions for the other fields are now more complicated and, for some of the simplifications, we made use of a symbolic computer algebra software [29, 30] . We give here the value of the traces, where a first simplification has been made by using the quadratic identities in the 63 of SU (8) . For the vector fields we obtain
For the spin 1/2 fields, the result follows from (2.27) 10) where the first term is
(3.11) Finally, for the scalar fields we have
Altogether, the quartic supertrace formula is given by the combination
which can be rewritten as a linear combination of 4 different quartic terms that vanish identically because of the quadratic constraints evaluated at Minkowski critical points of the scalar potential:
The detailed expression for the identically vanishing terms I 1 , . . . , I 7 can be found in the Appendix, where we also discuss their derivation.
Minkowski vacua with unbroken U(1) factors
After showing that Str M 2 = Str M 4 = 0 at any classical Minkowski vacuum of an arbitrary gauged N = 8 supergravity, we would like to go further and derive some results also on Str M 6 , Str M 8 and on the general properties of the one-loop effective potential V 1 . To do so, the strategy adopted in Section 3 does not look powerful enough. We then proceed by making two assumptions, which are satisfied by all presently known explicit gaugings of N = 8 supergravity that lead to classical Minkowski vacua with fully broken supersymmetry. Our first assumption is that the subgroup of the gauged symmetry left unbroken by the vacuum contains at least a U(1) factor, under which the eight supercharges Q i (i = 1, . . . , 8) transform non-trivially. The unbroken gauge group must be a subgroup of SU (8), thus we can expect in general several U(1) A factors (A = 1, . . . , n; n ≤ 7). We will denote by q i ≡ (q 1 i , . . . , q n i ) the vector of the charges of Q i with respect to U(1) n . We recall that the 8 gravitinos of helicity ±3/2, the 28 gauge bosons of helicity ±1, the 56 fermions of helicity ±1/2 (including the goldstinos) and the 70 scalars of helicity 0 (including the Goldstone bosons) are obtained by acting repeatedly with the supercharges on the graviton of helicity +2. This uniquely determines the charges of all the states, according to the following scheme:
and similarly for the CPT-conjugates. Acting with all 8 supercharges on the graviton of helicity +2 gives back the graviton of helicity −2, which leads to the constraint:
Our second assumption is that the spectrum can be represented as follows:
where the scalar products of the charge vectors must be taken with a suitable field-dependent real diagonal metric, not necessarily positive definite (having it positive definite, however, guarantees the absence of tachyons for the corresponding field configurations):
Implicitly, we are working in a gauge where the goldstinos, which provide the ±1/2 helicity components of the massive gravitinos, are assigned masses equal to the corresponding gravitino masses, and the Goldstone bosons, which provide the longitudinal component of the massive vectors, are assigned masses equal to the corresponding vector boson masses. This simplifies the computation of the supertraces, since we can now sum also over unphysical states (goldstinos and Goldstone bosons) and write:
It is immediate to check that, under the two assumptions specified above,
We now show that, under our assumptions, there are always four unbroken U(1) factors (n = 4) and the 8 supercharges always come in pairs, with opposite charge vectors ( q 1 = − q 2 , q 3 = − q 4 , q 5 = − q 6 , q 7 = − q 8 ). Incidentally, this explains why all the presently known models of this kind have at most 4 independent gravitino mass parameters, corresponding to 'Dirac' mass terms rather than 'Majorana' ones. The proof goes as follows. Since, by assumption, there is at least one unbroken U(1), there must be an associated massless vector, i.e., according to Eq. (4.3), there must be a couple [ij], say [12] , for which q 1 = − q 2 . If supersymmetry is fully broken on the Minkowski vacuum, there must also be 8 goldstinos with the same charge vectors of the corresponding gravitinos. In other words, according to Eq. (4.1), for each value of i it must be q i = q i + q j + q k for a suitable couple [jk] . We know already that q 1 = − q 2 , thus for i = 3, 4, 5, 6, 7, 8 we can use [jk] = [12] . On the other hand, for i = 1 and i = 2 we must use some [jk] = [12] . The only possibility is to have two other charge vectors opposite to each other, say q 3 = − q 4 . Now we can look again at the vector boson spectrum and see that, without additional assumptions on the charges, there are in principle 2 massless vectors, corresponding to [ij] = [12] , [34] , and 26 massive ones. Correspondingly, there should be 26 Goldstone bosons [ijkl], with [ij] different from the two combinations just mentioned and q k = − q l . If instead we accept that q 1 = − q 2 = q 3 = − q 4 , then we have 4 massless vectors, corresponding to [ij] = [12] , [34] , [14] , [23] , and 24 massive ones. Correspondingly, there should be 24 Goldstone bosons [ijkl], with [ij] different from the four combinations just mentioned and q k = − q l . In any case, for at least a subset of [ij] = [13] , [24] , [14] , [23] we have a problem, and we must impose another relation between charge vectors, for example q 5 = − q 6 . At this point the CPT constraint of Eq. (4.2) imposes the additional relation q 7 = − q 8 . In conclusion, there are at least 4 unbroken U(1) factors and at most 4 independent charge vectors q i . This means that, if there are more than 4 unbroken U(1) factors on the vacuum, we can always redefine these U(1) factors in such a way that at most 4 of them admit charged states, while the remaining ones are 'spectators', without charged states. It also means that, for the U(1) factors that admit charged states, Regrettably, |δM 2 a / M 2 | is of order one for the class of models being considered in this section. In this case, a possible strategy could start from considering the function
Its properties are that F (0) = V 1 and that, for x 2 much larger than all squared-mass eigenvalues, and assuming Str by numerical studies of all the models considered later in this section, and of a model with the same spectrum of the N = 4 truncation of the N = 8 CSS gauging [31] . The numerical study of a N = 6 theory where [32, 33] Str M 2 = Str M 4 = 0 but Str M 6 < 0 also gives
In the following subsections we show how all the presently known explicit gaugings of N = 8 supergravity that lead to classical Minkowski vacua with fully broken supersymmetry fulfill the two assumptions described above, with suitably defined charge vectors q i and U(1) metrics µ 2 A , and discuss their properties in detail. We start by recalling some known properties of the CSS gauging [10] , then we spell out the properties of the gaugings recently discussed in [12] , pointing out similarities and differences. As already anticipated above, we also check numerically that for all these gaugings the result of Eq. (1.6) holds.
The CSS gauging and the role of USp(8)
The best studied example of spontaneously broken N = 8, D = 4 supergravity on a classically flat background is the four-parameter CSS gauging [10] , originally obtained via generalized dimensional reduction from five-dimensional maximal supergravity. Such gauging includes the three-parameter gauging previously obtained by Scherk and Schwarz [34] by generalized dimensional reduction of eleven-dimensional supergravity, as well as other flat gaugings that can be obtained from such a theory or from the type-II ten-dimensional supergravitites in the presence of general geometric fluxes [35, 36, 37] . It was realized already in the original CSS paper, and explained in group-theoretical terms in [11] , that for the CSS gauging Str M 2 = Str M 4 = Str M 6 = 0, but Str M 8 = 0 if there is no residual supersymmetry on the vacuum. A more detailed analysis of the one-loop finiteness was carried out in [38, 39] , where it was also realized that at the origin of moduli space the one-loop contribution to the vacuum energy density is negative definite. It is also known (see e.g. [40] ) that the classical Minkowski vacua of the CSS gauging have three complex flat directions, parameterizing the coset [SU (1, 1)/U (1)] 3 .
In this subsection we briefly recall the ingredients that enter the calculation of the CSS spectrum, showing how they fit in the more general framework introduced at the beginning of this section. We also go further and quote the results of a numerical study [41] , which shows that for the CSS gauging all the degenerate classical Minkowski vacua with fully broken supersymmetry are destabilized by the one-loop corrections: V 1 is negative definite and has no critical points within the classical moduli space. This leads to a dead end, at least for those values of the parameters and background fields for which the perturbative expansion makes sense.
Generically, the CSS gauging [10] promotes U(1) T 24 to a local symmetry, where T 24 denotes the number of translations along non-compact directions. In addition, the remaining 3 vectors correspond to 'spectator' U(1) factors, in the sense there are no fields carrying non-vanishing charges with respect to them. We then fall in the formalism described at the beginning of this section. The classical potential is positive semi-definite and has only Minkowski vacua. The spectrum is described by four real positive parameters. They are denoted here by (e 1 , e 2 , e 3 , e 4 ), rather than (m 1 , m 2 , m 3 , m 4 ) as in the original literature, to stress the fact that they are the absolute values of the charges q i of the 8 supersymmetry generators Q i , with respect to the unbroken U(1) factor in the gauge group [U(1) ⊂ USp(8) ⊂ SU(8) ⊂ E 7 (7) ]:
For the CSS gauging, the fact that the charges are paired in 4 couples is a direct consequence of the canonical form of a single U(1) generator in the fundamental representation of USp(8).
We do not display here the charges of the supersymmetry generators with respect to the other 3 'spectator' U(1)s, since they are identically vanishing. The spectrum of the CSS gauging is described by the general formulas of Eqs. (4.3) and (4.4), with 17) where φ > 0 is one of the six real flat directions of the classical potential, which provides a universal scaling factor for all mass terms of the theory and in which we can reabsorb the gauge coupling constant. If all the e a (a = 1, 2, 3, 4) are non-vanishing, then supersymmetry is fully broken on the vacuum, and 8 would-be goldstinos are removed from the spectrum.
There are always at least four massless vectors, associated with the U(1) in the gauged U(1) T 24 and the 3 additional 'spectator' U(1) factors. Correspondingly, at most 24 wouldbe-Goldstone bosons are removed from the spectrum. In the scalar sector, there are always at least six massless real degrees of freedom, corresponding to at least three complex flat directions of the classical potential. For special values of the parameters the unbroken gauge group can be enhanced, with the associated vectors becoming massless and the associated would-be Goldstone bosons moving back to the physical spectrum at zero mass. Also, for special values of the parameters there can be additional classical flat directions. The case with the most degenerate spectrum is obtained for e 1 = e 2 = e 3 = e 4 . In such a case, the gauged group is just U(1) T
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CSO(2,0,6), and all massive states have squared masses that are integer multiples of a universal gravitino mass m We recall here the role of USp (8) for the vanishing of the supertraces in the case of the CSS gauging. For CSS, all the mass matrices can be written as matrices representing the generator of a single U(1) ⊂ USp(8), in different representations. The moduli dependence factorizes and all mass matrices can be rewritten in terms of the one in the fundamental representation, so that the supertrace relations follow from USp(8) algebraic properties [11] . We stress that such an argument cannot be applied to generic gaugings, because the residual gauge group on a Minkowski vacuum is not necessarily a subgroup of USp (8) and, even if that were the case, the mass matrices may represent multiple independent U(1) factors, weighted by different functions of the moduli.
On the basis of the above results, the full field-dependence of the one-loop effective potential along the three complex flat directions of the classical potential is summarized by: 18) where the prime means that the sum is taken only for those values of
for which q a = 0, and
Besides vanishing, as expected, in the N ≥ 2 supersymmetric limit in which any of its four arguments goes to zero, the one-loop effective potential V 1 is negative semi-definite, and vanishes only in the supersymmetric limit discussed above. In the present case of large fluctuations in the mass spectrum, for which we do not have a full analytical proof, this is confirmed by a numerical study [41] . This leads to a dead end for the CSS gauging, since all its degenerate classical Minkowski vacua with fully broken supersymmetry are destabilized by the one-loop corrections: V 1 has no critical points within the classical moduli space.
Other gaugings with G ⊂ SL(8,R)
In this subsection we study in some detail a broad class of N = 8 gaugings recently discussed in [12] , which lead to classical Minkowski vacua with fully broken supersymmetry. We show that they all fulfill the assumptions spelled out at the beginning of this section, with the following charge vector assignments: 19) and the metric of Eq. (4.4) specified by mass parameters µ 2 A that depend on the specific gaugings and parameter choices. We point out similarities and differences with the CSS gauging. We describe the spectrum in detail and find that, in contrast with the CSS gauging, for generic values of the parameters there can be classical instabilities corresponding to tachyonic masses for some of the scalar fields. We study in detail the one-loop effective potential for those parameter choices that are free from classical tachyonic instabilities and find numerically that, as for the CSS gauging, V 1 < 0 at every point of the classical moduli space. As for the CSS gauging, we conclude that there is no locally stable one-loop vacuum with broken supersymmetry and positive or vanishing vacuum energy. In contrast with the CSS gauging, however, we cannot exclude the presence of locally stable AdS vacua at the one-loop level.
The crucial technical tool of Ref. [12] is to use the E 7(7) duality group of the ungauged theory, which acts both on the embedding tensor and on the scalar fields parameterizing the E 7(7) /SU (8) coset space, to map any critical point of the scalar potential to the base point of the scalar manifold. This means that we can survey the different vacua of the gauged theory by staying always at the origin in field space, and studying the dependence of the embedding tensor on its parameters. For the purposes of the present paper, we shall restrict our attention to forms of the embedding tensor that are compatible with Minkowski vacua with fully broken supersymmetry. An exhaustive classification is not available, thus we will consider only the explicit examples given in [12] , whose common feature is to have a gauged group G ⊂ SL(8,R). The embedding tensor associated with these gaugings is completely determined by a real two-index symmetric tensor θ in the 36 of SL(8,R) and another real two-index symmetric tensor ξ in the 36. As shown in [12] , it is not restrictive to take both θ and ξ diagonal. In terms of θ and ξ, the quadratic constraint ensuring the consistency of the gauging reads
It is actually worth pointing out that, by suitably parameterizing θ and ξ, we can define a larger class of gaugings, which include those with a Minkowski vacuum we are interested in, but also many more vacua with both negative and positive cosmological constants.
SO(6,2) gauging
We consider here the class of gaugings described by Eq. (4.27) of Ref. [12] , whose gauge group is SO(6,2) ⊂ SL(8,R) ⊂ E 7,7 . With respect to [12] , we choose a different parameterization of the diagonal real matrices θ and ξ, with det θ = det ξ = 1, which makes clear that we are dealing with three independent parameters only:
The three parameters (x, y, z) describing the gauging correspond to flat directions of the classical potential, along which supersymmetry is completely broken: it is not restrictive to take them real and positive. As discussed in [12] , we could add a fourth parameter corresponding to a common rescaling of θ and ξ, which can be reabsorbed in the definition of the gauge coupling constant. As it is clear from the scalar mass spectrum computed in [12] , the parameters (x, y, z) are associated with 3 of the moduli fields preserving the Minkowski vacuum. However, there can be other moduli, which cannot be identified with parameters in the definition of θ and ξ: they are of course not included in the following considerations.
For generic values of the parameters, the unbroken gauge group is U(1) 4 . For special values of the parameters, the unbroken gauge group can be a larger subgroup of SO(6) × SO(2) ⊂ SO(6,2), with a lower number of explicit U(1) factors. The spectrum is given by Eqs. (4.3) and (4.4), with the charge assignments of Eq. (4.19) and: (4.24) , it is obvious that they cannot be simultaneously positive. To avoid tachyons, it is not restrictive to choose z = y. This leaves us with only two independent parameters, x and y, and implies:
Notice that the unbroken gauge group on the vacuum is enhanced to SO(4) × U(1) 2 and, simultaneously, the mass parameters associated with the two commuting U(1) in SO(4) are set to zero. This implies that the most general tachyon-free spectrum for this class of models has: 8 massless vectors and 20 massive vectors, the latter with 3 different mass eigenvalues and degeneracies (4, 8, 8) ; in the scalar sector, there are now 20 Goldstone bosons, 18 physical massless scalars and 32 massive scalars, the latter with 5 different mass eigenvalues and degeneracies (2, 2, 8, 8, 12) . Notice also that now we can identify a combination of the residual parameters (x, y), which can be used for a universal rescaling of all masses, and therefore can be reabsorbed in the definition of the gauge coupling constant. For x = y = z, the unbroken gauge group on the vacuum is SO(6) × U(1) and µ We verified numerically that, for all parameter choices that lead to non-tachyonic classical vacua, the one-loop effective potential V 1 is negative definite.
SO(2,2) × SO(4) T
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We move now to the class of gaugings described by Eq. (4.28) of Ref. [12] . Also in this case we choose a different parameterization: 27) and compute the mass spectrum at the origin of moduli space. The two real and positive parameters (x, y) describing the gauging correspond to flat directions of the classical potential, along which supersymmetry is completely broken. As in the previous example, we could add a third parameter corresponding to a common rescaling of θ and ξ: this time it would be associated with another modulus that universally rescales all masses and can be reabsorbed in the gauge coupling constants. The spectrum is again determined by the charge assignments of Eq. (4.19), but this time with: Again, we checked numerically that, for all parameter choices that lead to non-tachyonic classical vacua, the one-loop effective potential V 1 is negative definite.
Open questions and outlook
The main results of this paper, dealing with N = 8 supergravity in four dimensions, have already been summarized in the introductory section. We list here a number of open questions, whose answer goes beyond the scope of the present paper and our current understanding.
In Section 3 we proved the finiteness of the one-loop effective potential V 1 and the vanishing of Str M 2 and Str M 4 along the flat directions of the classical potential. We obtained these results in full generality: they apply not only to the known N = 8 gaugings leading to Minkowski vacua with fully broken supersymmetry, but also to the additional gaugings that are likely to be found in the near future, generalizing the results and the techniques of [12] . On the other hand, in Section 4 we were able to prove the vanishing of Str M 6 and the positivity of Str M 8 , and to find evidence for the negativity of the one-loop effective potential V 1 , only under two assumptions: 1) there is at least one unbroken U(1) factor in the gauge group; 2) the spectrum is determined by the charges of the supersymmetry generators with respect to the unbroken U(1) factors in the gauge group. Since all the known gaugings that fully break supersymmetry on a flat background fulfill these two assumptions, it would be interesting to see whether there are counterexamples, or whether the two assumptions are not really assumptions and can be proven on general grounds. Producing new classes of gaugings, along the lines of [12] , can be used to test the generality of the two assumptions and to shed light on the final answer. Even within the class of gaugings considered in Section 4, or their known explicit realizations of subsections 4.1 and 4.2, it would be important to understand whether there is some explanation of the intriguing fact that the one-loop corrections to the classically flat directions of the potential are always negative. Since there is evidence that all the N = 8 gaugings can be associated with flux compactifications of eleven-dimensional supergravity, once geometrical and non-geometrical fluxes are introduced, it would be interesting to compute the one-loop effective potential in the compactified higher-dimensional theory (at least in the controllable cases with geometrical fluxes), and compare it with V 1 as computed in the four-dimensional reduced theory. Some of these gaugings can also be generated from suitable compactifications of Type-II superstrings, and also in that case it was found [42] (see also [43] and references therein) that for large enough volume there are no tachyons and
More modestly, it would be interesting to turn the partial analytical results of Section 4 on the correlation between Str M 6 = 0, Str M 8 > 0 and V 1 < 0 into a general proof, applicable to arbitrary mass spectra. Our findings, and their possible generalizations, may provide some guidance in addressing some issues that are relevant in a wider context. While N = 8 supergravity vacua with negative cosmological constant have been widely discussed, there are only very few examples of gaugings admitting critical points with a positive or vanishing classical vacuum energy (for a recent investigation of stability without supersymmetry in N = 8 supergravity, see [44] ). Actually, despite extensive searches, there are no examples of locally stable classical de Sitter vacua, not only in N = 8, but also in all N > 2 four-dimensional supergravities. One hope is that de Sitter vacua with small positive cosmological constant can be generated by quantum corrections to classical Minkowski vacua. Our study shows that, so far, in N = 8 supergravity there is no example of one-loop stable supersymmetry-breaking vacuum with positive or vanishing vacuum energy.
Our results could also be helpful in providing a broader framework for interpreting the findings of [45] : in the context of N = 8 supergravity, this paper applied some general sum rules to the CSS gauging of subsection 4.1, which admits a single non-trivial unbroken U(1) factor in the gauge group, and used them to draw conclusions on the ultraviolet incompleteness of the theory. It would be interesting to extend the interpretation of these results also to the models of subsection 4.2, where there is more than a single unbroken U(1) factor in the gauge group.
We hope to come back to some of these points in some future publication.
In what follows we will discuss some combinations of the above identities that we used in the main text to simplify the computation of the quadratic and quartic supertrace formula.
A.1 Quadratic identities
A basic combination that we used repeatedly is the so-called supersymmetric Ward identity, which relates the matrix form of the scalar potential to the square of the shifts of the supersymmetry rules of the fermions. This is a combination of the terms of (A.1) and (A.3) in the 63: In our paper we are actually interested in Minkowski critical points and therefore we can simplify the expression of (A.6) by setting the terms proportional to the cosmological constant to zero: A From the same quadratic identities, we can obtain another independent relation in the 63 representation. Assuming a vanishing cosmological constant, the combination Additional quadratic identities can be obtained by projecting the previous ones and using the information that we all the quantities are computed at a critical point with vanishing cosmological constant. In detail, projecting (A.2) onto the 378+70 representations of SU (8) 
A.2 Quartic identities
For the computation of the quartic supertrace, we also need identities that are quartic in the A-tensors and SU(8) singlets. These identities follow from contracting the quadratic identities above with other quadratic combinations of A 1 and A 2 so that the final result has all the indices contracted. We give here only the contractions we used in the main text, stressing once more that all these identities are computed also using the critical point condition (2.9) and setting Λ = 0. A more complete set of identities can be found in [44] , where a similar technique was used to investigate the classical stability of non-supersymmetric vacua with a non-vanishing cosmological constant. The first set of identities is obtained by simple contractions of (A.4) and (A.1): A different set comes from identifying the square of the left hand side of (A.11) or of (A.13) with the square of the right hand side of the same equations. From (A.11) we get while from (A.13) we get: 
